The classical theory of dispersive signal propagation by Sommerfeld and Brillouin proposed in 1914 provided the first proof within the classical Maxwell-Lorentz theory that an electromagnetic signal could not propagate faster than the vacuum speed of light in a causal dielectric, also introducing the signal velocity and the precursor fields (or forerunners). Modern asymptotic theory has extended these results, providing a physically meaningful definition of the signal velocity while showing the critical role that the precursor fields play in the observed pulse dynamics. Their role in defining the observed pulse velocity is presented and compared with the classical group velocity as well as with other pulse velocity measures that yield superluminal results.
Introduction
Ever since the advent of the special theory of relativity [1] in 1905, the velocity of light in a dispersive, absorptive medium has presented a troublesome dilemma to the electromagnetic and optical physics community. Although Lorentz's classical model [2] of dielectric dispersion is causal, the group velocity was found to yield noncausal results in regions of anomalous dispersion described by that model. With Sommerfeld's proof [3] within the classical Maxwell-Lorentz theory that an electromagnetic signal could not propagate faster than the vacuum speed of light in a Lorentz model dielectric, Brillouin [4, 5] then introduced the signal and energy velocities within that medium as a replacement for the group velocity. As was pointed out by Brillouin [5] , a group of waves had been originally defined by Rayleigh [6, 7] 'as moving beats . . . following each other in a regular pattern. A signal is a short isolated succession of wavelets, with the system at rest before the signal arrived and also after it has passed. . . . In general, the signal velocity will differ from the group velocity, especially if the phase velocity is strongly frequency dependent and if the absorption cannot be ignored.' These early results, including the later work by Baerwald [8] , have been borne out and improved upon by the modern asymptotic theory [9] [10] [11] . Together with Loudon's energy velocity [12] , a correct physical model of dispersive pulse propagation has been presented [13, 14] . In spite of these results, the group velocity has become one of the most misused concepts in modern physics, engineering and applied mathematics. Because of its inherent simplicity, the group velocity description of dispersive pulse propagation, which is based, in part, on the slowly-varying-envelope approximation, originally introduced by Born and Wolf [15] in the context of partial coherence theory, is widely accepted and employed throughout physics [16] and applied mathematics [17] with central importance in electromagnetics [18] , acoustics [19] and optics [20, 21] . Unfortunately, the approximations that are introduced by this description have largely been ignored, resulting in the current controversy regarding superluminal velocities in dispersive materials [22] .
The purpose of this paper is to briefly review past and current research as well as to provide a solid theoretical foundation on which to excuse experimental measurements claiming superluminal pulse velocities. The description is based upon the exact Fourier-Laplace integral representation [11] of a linearly polarized, plane wave electromagnetic pulse propagating in the positive z-direction with electric and magnetic field vectors
(1) respectively, where E(z, t) =1 y E y (z, t) and B(z, t) = 1 x B x (z, t). Here z = z −z 0 denotes the propagation distance into the positive half-space z z 0 from the input plane at z = z 0 where the initial field behaviour E y (z 0 , t ) = E 0 f (t) is specified with electric field strength E 0 . The nondimensional function f (t) describes the initial pulse structure with temporal frequency spectrum
where ω is the angular frequency. The contour C appearing in equation (1) is the Bromwich contour ω = ω + ia, where ω varies from −∞ to +∞ and where the quantity a is greater or equal to the abscissa of absolute convergence for the particular pulse shape considered [11, 23] . The quantitỹ
denotes the complex wavenumber in the dispersive medium with complex index of refraction
where n r (ω) = Re {n(ω)} is the real index of refraction, n i (ω) = Im {n(ω)} is the imaginary part of the complex index of refraction and β(ω) = Re {k(ω)} is the propagation factor and α(ω) = Im {k(ω)} the attenuation factor for a timeharmonic plane wave with fixed angular frequency ω in the dispersive material. Here Re { * } denotes the real part, and Im { * } denotes the imaginary part of the quantity inside the brackets. The exponential factor appearing in equation (1) may then be rewritten as
where the first exponential term on the right-hand side of this expression describes the attenuation and the second term describes the phase change upon propagation. Finally, notice that both cgs and MKS units are employed here through the use of a conversion factor that appears in double brackets * in the equation affected. If this factor is included in the equation it is then in cgs units provided also that ε 0 = µ 0 = 1, while the equation is in MKS units if this factor is omitted (i.e. replaced by unity). If no such factor appears, then the equation is proper in both systems of units.
The analysis is presented for the case of a single-resonance Lorentz model dielectric with (relative) dielectric permittivity
where ω 0 is the undamped resonance frequency, charge and m e the mass of an electron, and where δ is the phenomenological damping constant. With relative magnetic permeability µ/µ 0 = 1, the complex index of refraction is given by
Brillouin's choice of the material parameters (ω 0 = 4 × 10 16 r s −1 , b = √ 20 × 10 16 r s −1 and δ = 0.28 × 10 16 r s −1 ) which describe a highly absorptive material, are used in the numerical examples presented here; however, the results are not restricted to this highly absorptive case. The general results obtained here are also applicable to more general models of the dispersion relation than that given in equation (6) , such as that given by a multiple-resonance Lorentz model dielectric.
The frequency dispersion of the real and imaginary parts of the complex index of refraction described by equation (7) 
The phase velocity
The phase velocity describes the rate at which the phase fronts appearing in the Fourier-Laplace integral representation of figure 1 . The dotted curves illustrate the frequency dependence of the linear β (1) (ω) and quadratic β (2) (ω) approximations to the real part of the complex wavenumber about the angular frequency value ω c = 0.75ω 0 . equation (1) propagate through the dispersive medium. The phase velocity for this electromagnetic wave field is obtained from the second term on the right-hand side of equation (5) as
The angular frequency dispersion of the relative phase velocity v p /c is illustrated by the dashed curve in figure 3 . The phase velocity describes the pulse velocity only in the simplest nonphysical situation when the index of refraction of the medium is nondispersive (excluding the trivial, physically realizable case when the medium is the ideal vacuum). In that case, n(ω) ≈ n(ω c ), where ω c is a characteristic oscillation frequency of the initial pulse, and the propagation factor is given by
With the further usual approximation that the attenuation factor is nondispersive so that α(ω) ≈ α(ω c ), the propagated field vectors given in equation (1) may be directly evaluated as
The electromagnetic pulse then propagates undistorted in shape, but attenuated in amplitude, at the phase velocity
The group velocity
A slightly more accurate description of the material dispersion is provided by the linear dispersion approximation
Here ω c describes a characteristic oscillation frequency of the initial pulse; for example, for a pulse envelope modulated sine wave,
is the envelope function and ψ is a phase constant, ω c = 2π f c is the fixed carrier frequency of the initial pulse. With this substitution, the propagated field vectors given in equation (1) may be directly evaluated as
The pulse phase then travels with the phase velocity given in equation (8) while the pulse structure propagates undistorted in shape, attenuated with propagation distance, at the group velocity
The angular frequency dispersion of the group velocity is illustrated by the alternating dashed-dotted curve presented in figure 3 . Note that the group velocity becomes negative in the region of anomalous dispersion; this negative branch of the group velocity curve is not depicted in this graph. The accuracy of the linear dispersion approximation β (1) (ω) given in equation (11) is illustrated in figure 2 when ω c = 0.75ω 0 . As can be seen, this approximation is accurate only over a very small neighbourhood about ω c . The local approximation does improve as ω c is decreased towards zero frequency while it gets worse as ω c is increased into the region of anomalous dispersion. The local approximation also improves as ω c increases above the absorption band.
A somewhat more accurate description of the material dispersion is provided by the widely used quadratic dispersion approximation
2 describes the so-called group velocity dispersion (GVD). With this substitution, the propagated field vectors given in equation (1) become
where
The pulse phase then propagates with the phase velocity v p (ω c ) while the pulse itself propagates with the group velocity v g (ω c ), where the pulse shape is proportional to the Fresnel transform of the initial pulse shape. The propagated pulse structure then depends upon the timescale parameter [24] T F ≡ |2πβ (ω c ) z|
which depends upon the value of the GVD and corresponds to the principal Fresnel zone in the analogous slit diffraction problem. If T > 0 denotes the initial temporal pulse width, then for sufficiently small propagation distances z 0, the inequality T > T F will be satisfied and the pulse shape evolves in the same fashion as the diffracted field in the near field of the diffracting slit aperture, while for sufficiently large propagation distance, the inequality T < T F will be satisfied and the pulse shape approaches that given by the Fourier transform of the initial pulse shape in the same manner as the diffracted field in the Fraunhofer region. Similar results are obtained if, instead of just the propagation factor, the complex wavenumberk(ω) is approximated by a finite number of terms in its Taylor series expansion about ω c . The quadratic dispersion approximation given in equation (14) is then replaced bỹ
This form of the approximation results in a frequencydependent behaviour in the absorption factor. However, it also results in a complex group velocitỹ
that is complex valued almost everywhere along the entire real frequency axis, being real valued at ω = 0 and ω = ±∞. The physical meaning of a complex-valued velocity remains to be given. The accuracy of the quadratic dispersion approximation β (2) (ω) given in equation (14) is also illustrated in figure 2 when ω c = 0.75ω 0 . It is seen to be accurate only over a slightly larger neighbourhood about ω c than is the linear approximation given in equation (11) . It has long been assumed that increased accuracy over a larger frequency domain about the characteristic pulse frequency ω c may be obtained by using higher-order approximations to describe the material dispersion. In 1975 Anderson et al stated in the abstract of their paper [25] that 'the evolution of slowly varying wave pulses in strongly dispersive and absorptive media is studied by a recursive method. It is shown that the resulting envelope function may be obtained by including correction terms of arbitrary dispersive and absorptive orders'. This sentiment is extended in the 1990 text by Butcher and Cotter [26] which states that 'to describe pulse propagation in dispersive media, in general, we must retain the secondorder dispersion, and for ultrashort pulses or those with a wide frequency spectrum it may sometimes be necessary to also include higher-order terms'. Continuing on in this tradition, Akhmanov et al state in their 1992 text [27] that 'one can analyse how the dispersion of a medium affects a propagating pulse for any higher-order approximation of the dispersion theory. Naturally, the higher-order approximations make the quantitative picture of dispersive spreading more precise although its basic features obtained for the second-and thirdorder approximations remain unchanged.' Unfortunately, these assertions, although physically appealing, are not valid in the ultrashort pulse, ultrawideband signal regime. As first proved by Oughstun and Xiao [28, 29] , 'with the exception of a small neighbourhood about some characteristic frequency of the initial pulse, the inclusion of higherorder terms in the Taylor series approximation of the complex wavenumber in a causally dispersive, attenuative medium beyond the quadratic approximation is practically meaningless from both the physical and mathematical points of view'.
The energy velocity
A quantity of fundamental importance to both the analysis and interpretation of propagation phenomena in a causally dispersive medium is the velocity of energy transport (or the energy velocity) of a monochromatic field. This physical velocity is defined as the ratio of the time-average value of the Poynting vector to the total time-average electromagnetic energy density stored in both the field and the medium. The original derivation of this quantity for a single-resonance Lorentz model dielectric by Brillouin [4, 5] neglected to include that portion of the electromagnetic energy that is stored in the excited Lorentz oscillators of the medium and consequently was in error. Loudon [12] was the first to derive a correct expression for the energy velocity in a single-resonance Lorentz medium. This momentous research would later prove to be critical in providing a correct physical description of dispersive pulse dynamics. Consider a multiple-resonance Lorentz model dielectric with complex index of refraction
where each separate resonance line is described by the parameter triple (ω j , δ j , b j ) of undamped resonance frequency, phenomenological damping constant and plasma frequency, respectively, with summation index j extending over the set of resonance lines present in the dielectric material. The time-average value of the electromagnetic energy density stored in the Lorentz oscillators is then found to be given by [11, 30] U osc = 1 4π
where ω is the angular frequency of oscillation of the timeharmonic plane wave field with electric field strength E. The time-average value of the energy density stored in the timeharmonic plane wave electromagnetic field is given by
With use of the identity [11] 
the total time-average electromagnetic energy density stored in the coupled field-medium system is found to be
The time-average value of the magnitude of the Poynting vector for the monochromatic plane wave field is given by [11] |S| = c
The time-average velocity of energy transport in a multiple resonance Lorentz model dielectric is then given by the ratio of these two quantities, so that [11, 30] 
This result directly reduces to the expression
given by Loudon [12] for the case of a single-resonance Lorentz model dielectric. The frequency dependence of the energy velocity in a single-resonance dielectric is illustrated by the solid curve presented in figure 3 . Notice first that v E (ω) c for all real ω with v E → c as ω → ∞. The energy velocity is seen to attain a minimum value just above the resonance frequency ω 0 near to the frequency value where n i (ω) attains its maximum value, and remains small through the region of anomalous dispersion. Naturally, this occurs over each absorption band in a dielectric material described by multiple resonance frequencies. Each minimum region in v E (ω) corresponds to the angular frequency region where the time-average electromagnetic energy density U osc stored in the Lorentz oscillators is near its local maximum value. This linear result then complements the nonlinear result of minimal propagation velocity observed in self-induced transparency [31, 32] .
The signal velocity
The signal velocity in a Lorentz model dielectric was originally introduced by Brillouin [4, 5] and its description was later improved upon by Baerwald [8] . Its original physical interpretation has been criticized by Smith [33] as being impractical from an experimental point of view since 'the difficulty of arriving at a workable definition for the signal velocity is that a pulse of radiation is not a point, i.e. the motion of the pulse cannot be equated to the motion of a point associated with the pulse'. This criticism is not surprising since the original definition of the signal velocity is based upon the intricacies of the asymptotic method of steepest descent, the signal arrival being defined by the instant the path of steepest descent crossed the simple pole singularity appearing in the spectrum of the initial signal. The modern asymptotic theory [9] [10] [11] has redefined the signal velocity in light of Olver's saddle point method [34] which proved that the path of steepest descent was irrelevant in determining the signal velocity.
The signal velocity is defined for the fundamental canonical problem of the step function modulated signal
where ω c = 2π f c is a fixed carrier frequency and where the envelope function u(t) is the Heaviside unit step function (u(t) = 0 for t < 0 and u(t) = 1 for t > 0). With this substitution in equation (1), the integral representation for the propagated signal becomes
with complex phase function
where θ = ct/ z is a nondimensional space-time value. Although this analysis of the signal velocity is presented in terms of the Heaviside unit step function signal, the expressions appearing in equation (29) remain valid for any pulse that can be expressed in the form given in equation (28) with fixed carrier frequency ω c . If the initial time behaviour E(z 0 , t ) = E 0 f (t) of the field at the plane z = z 0 is zero for all time t < 0 and if the model of the material dispersion is causal, then the propagated field (29) identically vanishes for all θ < 1 with z > 0, so that
A proof of this important result was first given by Sommerfeld [3] for the Heaviside unit step function signal (28) in a single-resonance Lorentz model dielectric, and was later extended [9, 11] to an arbitrary plane wave pulse. The dynamical field evolution then occurs for θ 1 and asymptotic methods of analysis are typically required as z → ∞.
The first step in the asymptotic analysis of the integral representation (29) of the propagated field for θ 1 is to determine the set of saddle points of the complex phase function where dφ/dω = 0, so that
The roots of this saddle point equation then give the saddle point locations in the complex ω-plane. Since the saddle point equation depends upon the space-time parameter θ = ct/ z, the saddle points will then evolve with time at any fixed propagation distance z. Because of the symmetry relations [11] n(−ω) = n * (ω * ) and φ(−ω, θ) = φ * (ω * , θ) satisfied by a causal medium, if ω j (θ ) is a saddle point, then so also is −ω * j (θ ). The physical significance of the saddle points can be appreciated through consideration of the defining relation
ωt). Upon differentiating this expression with respect to ω one obtains ( z/c)φ (ω, θ ) = i((∂k(ω)/∂ω) z − t). Since φ (ω, θ ) = 0 at the saddle points of the complex phase function, then z/t = (∂k(ω)/∂ω)
−1 ω=ω j =ṽ g (ω j ) and the complex group velocity is found to be real valued at the saddle points.
With the saddle point locations known for θ 1, the next step in the analysis is to express the integral representation (29) in terms of an integral I (z, θ) with the same integrand but with a new contour of integration P(θ ) to which the original contour C may be deformed [9] [10] [11] . By Cauchy's residue theorem, the integral representation (29) of E y (z, t ) and the contour integral I (z, θ) are related by
is the sum of the residues of the poles that were crossed in the deformation from C to P(θ ), and where
(35) Similar expressions are obtained for the associated magnetic field component. For the asymptotic evaluation of the contour integral I (z, θ ) as z → ∞, the path P(θ ) is taken as a union of Olver-type paths [9] [10] [11] with respect to a subset of the set of saddle points of φ(ω, θ) such that P(θ ) evolves continuously for all θ 1. Not all saddle points in this set may be appropriate in the asymptotic description because the Olver-type paths with respect to them may not be deformable to the original contour C owing, for example, to the presence of the branch cuts of φ(ω, θ); such saddle points are said to be inaccessible, otherwise they are said to be accessible. The dominant accessible saddle point (or points) refers to the saddle point (or points) that has the largest value of Re {φ(ω, θ)} at it, and hence, has the least exponential attenuation associated with it. In comparison, Brillouin's interpretation [4, 5] of this asymptotic method required that the contour of integration C be deformed so that it lay along the entire path of steepest descent through the accessible saddle points of the complex phase function. Olver's theorem [34] proved this requirement unnecessary with important consequences regarding the physical significance of whether or not a particular pole singularity is crossed in deforming the contour C to P(θ ).
If ω j (θ ) and −ω * j (θ ) are the dominant accessible firstorder saddle points at a particular value of θ and if they are isolated from each other as well as from all other saddle points of the complex phase function φ(ω, θ) at that value of θ , then the nonuniform asymptotic approximation of I (z, θ) as z → ∞ is obtained from Olver's theorem [34] as [9, 11] I (z, θ) ∼ Re − c 2π zφ (2) 
The dynamical evolution of the saddle points then provides a nearly complete description of the dynamical evolution of the transient field behaviour associated with dispersive pulse propagation. The residue contribution (34) is nonzero only ifũ (ω − ω c ) has poles. For the Heaviside unit step function signal (37) where θ S denotes the space-time point at which the Olver-type path P(θ ) crosses the simple pole singularity at ω = ω c . This contribution to the asymptotic behaviour of the propagated field describes the steady-state behaviour of the signal. The arrival of this signal contribution is determined by the dynamics of that dominant saddle point that becomes exponentially negligible in comparison to this pole contribution.
In a single-resonance Lorentz model dielectric the asymptotic theory [9] [10] [11] shows that the propagated field described in equation (29) may be expressed in the form
as z → ∞, with a similar expression for B x (z, t ). The asymptotic behaviour of the component field A S (z, t ) is due to the pair of distant saddle points [9, 11] 
with ξ(θ) = (ω
, and is referred to as the first or Sommerfeld precursor field. The front of the Sommerfeld precursor arrives at θ = 1 with zero amplitude and an infinite instantaneous angular frequency. As θ increases from S130 unity the amplitude rapidly builds to a maximum value and thereafter decays as the attenuation factor increases and the instantaneous oscillation frequency chirps downward towards the upper frequency edge of the material absorption band. The asymptotic behaviour of the component field A B (z, t ) is due to the near saddle points [9, 11] 
for 1 < θ θ 1 , while for θ θ 1 ,
, and is referred to as the second or Brillouin precursor field. Here
with
. As the near saddle point ω + S PN (θ ) moves down the imaginary axis for 1 < θ θ 1 , as described by equation (40a), the Brillouin precursor is nonoscillatory over this space-time domain and reaches a peak amplitude near the space-time point θ = θ 0 where there is no exponential attenuation. As θ increases above θ 1 the Brillouin precursor becomes oscillatory with an instantaneous angular frequency that chirps upward towards the lower frequency edge of the absorption band with decreasing amplitude as the attenuation factor monotonically increases. The final contribution A c (z, t ) appearing in equation (38) is due to the simple pole singularity given by equation (37) . This contribution to the asymptotic behaviour of the propagated field describes the steady state behaviour of the propagated signal that oscillates at the input carrier frequency ω = ω c .
The Sommerfeld precursor arrives at the vacuum speed of light c and dominates the initial evolution of the propagated field.
The Brillouin precursor becomes exponentially dominant over the Sommerfeld precursor at the space-time point θ = θ S B where [9, 11] 
at which point the oscillation frequency of the Sommerfeld precursor has decreased to the value [9, 11] 
The dynamical evolution of the propagated signal due to an input Heaviside unit step function signal then separates into two cases depending upon the value of the carrier frequency ω c in comparison with the value ω S B that is a characteristic of the dispersive material. For 0 < ω c < ω S B the dynamical field evolution is first dominated by the Sommerfeld precursor over the space-time domain 1 θ < θ S B , is next dominated by the Brillouin precursor over the space-time domain θ S B < θ < θ c and is finally dominated by the pole contribution for all θ > θ c , as illustrated in figure 4(a) , where θ c denotes the space-time value at which the exponential attenuation of the Brillouin precursor first equals and thereafter remains greater than that at the carrier frequency ω c . The propagated signal is then characterized by several distinct features: the arrival of the Sommerfeld precursor front at θ = 1 which travels at the velocity v S = c, the peak of the Brillouin precursor at θ = θ 0 which travels at the velocity v B = c/θ 0 = c/n(0), and the arrival of the main signal at θ = θ c which travels at the main signal velocity
For ω c > ω S B the dynamical field evolution is first dominated by the Sommerfeld precursor over the space-time domain 1 θ < θ c1 , by the pole contribution over the spacetime domain θ c1 < θ < θ c2 , by the Brillouin precursor over the space-time domain θ c2 < θ < θ c , and is finally dominated by the pole contribution for all θ > θ c , as illustrated in figure 4(b) . Here θ c1 denotes the space-time value at which the exponential attenuation of the Sommerfeld precursor first equals and thereafter remains greater than that at the carrier frequency ω c , and θ c2 denotes the space-time value at which the exponential attenuation of the pole contribution first equals and then becomes greater than that for the Brillouin precursor for a finite θ interval. The propagated signal is now characterized by several distinct features: the arrival of the Sommerfeld precursor front at θ = 1 which travels at the velocity v S = c, the first arrival of the signal at θ = θ c1 which travels at the anterior presignal velocity
where c > v c1 > c/θ S B , the arrival of the Brillouin precursor at θ = θ c2 which travels at the posterior presignal velocity
where c/θ S B > v c2 > c/θ 0 , and finally the arrival of the main signal which travels at the main signal velocity given by equation (44) . The frequency dependence of the signal velocity in a single-resonance Lorentz model dielectric is illustrated in figure 5 . Each sequence of open circles describes a separate branch of the signal velocity obtained from a series of numerical calculations given in table 9.1 of [11] : the anterior presignal velocity v c1 (ω c ), the posterior presignal velocity v c2 (ω c ) and the main signal velocity v c (ω c ). The solid curve in the figure describes Loudon's energy velocity v E (ω c ), which is seen to form an upper envelope to the signal velocity values [9, 11] . Based upon this important result, a new physical description of dispersive pulse dynamics has been given [11, 13, 14] in terms of the energy velocity and attenuation of a time-harmonic plane wave in the causally dispersive dielectric. This new description accurately describes all of the features that occur in the evolution of an ultrawideband pulse as it propagates through a dispersive material, including the precursor fields, and reduces to the group velocity description in the limit of zero loss.
The pulse centroid velocity
In 1970 Smith [33] proposed a new pulse velocity measure called the centro-velocity which described the motion of the intensity centroid of the pulse. A variant of this velocity measure which is defined in terms of the Poynting vector of the pulse has recently been introduced by Peatross, Glasgow and Ware [35, 36] . The temporal centre of the Poynting vector S(z, t ) of a plane wave pulse propagating in the positive z direction is defined as (47) whereẑ denotes the unit vector along the propagation direction. If t z0 denotes the temporal centroid of the Poynting vector of the initial pulse at the input plane at z = z 0 , then the pulse centro-velocity is given by [35] 
The integrals appearing in equation (47) may be transformed into the angular frequency domain upon application of the Parseval-Plancherel theorem with the result that [35] 
The Poynting vector centroid delay may then be expressed in the form
is the group delay energy centroid, and where
is called the pulse reshaping delay. As stated in the abstract of their paper [35] , Peatross, Glasgow and Ware state that this 'result provides a context wherein group velocity is always meaningful even for broad band pulses and when the group velocity is superluminal or negative. The result imposes superluminality on sharply defined pulses'. The asymptotic representation of the propagated field given in equation (38) shows that, as an ultrawideband pulse propagates into a Lorentz model dielectric, the field becomes dominated by the Brillouin precursor whose peak amplitude travels at the velocity
Hence, as the propagation distance increases, the pulse centrovelocity asymptotically approaches this characteristic velocity of the Brillouin precursor, so that
The evolution of the centro-velocity for an input ten-cycle rectangular envelope pulse for a wide range of input pulse 
Discussion
The velocity of an electromagnetic pulse as it propagates through a causally dispersive material is a fundamental problem in physics that has remained unresolved for nearly a century. Nevertheless, a significant body of published research has now been established that shows that:
(1) any study of the pulse velocity of an ultrawideband pulse in a dispersive material must give careful consideration to the material dispersion, including the attenuation, over the entire frequency domain, and (2) any conclusions regarding either ultrawideband or ultrashort pulse dynamics, including the pulse velocity, that are based upon the quadratic or any higher-order dispersion approximation should be viewed with extreme scepticism for propagation distances that exceed a single absorption depth (at some characteristic frequency of the initial pulse) in the material.
The detailed results presented here show that the only physically meaningful velocity measures for dispersive pulse propagation are the energy velocity, signal velocity and the pulse centro-velocity. Although the energy velocity has only been derived for a monochromatic plane wave in a Lorentz model dielectric, it is an essential ingredient in the new physical description of dispersive pulse dynamics [11, 13, 14] . This description of the pulse evolution in terms of the attenuation and energy velocity of each spectral component present in the initial pulse spectrum provides a detailed representation of each feature present in the propagated pulse, including the precursor fields. The signal velocity describes the point at which the propagated pulse begins to predominantly oscillate at the input carrier frequency of the pulse [37] ; consequently, it can be measured in a carefully defined laboratory experiment. This causal velocity measure is fundamental to the problem of signal (and hence information) propagation through a dispersive material or system.
Claims of superluminal pulse propagation [38] [39] [40] [41] are primarily based upon the group velocity approximation which has been proven [28, 29] to be invalid in the mature dispersion limit that is typically achieved when the propagation distance exceeds a single absorption depth in the dispersive material. Superluminal peak velocities can briefly occur for such temporally unbounded pulse envelope functions as the Gaussian envelope function [42] [43] [44] . For such an ultrashort Gaussian envelope pulse, the peak velocity is found [43, 44] to move along the group velocity curve in such a manner that as the propagation distance increases, the peak velocity approaches the energy velocity [43, 44] . Although the peak velocity may briefly exceed the vacuum speed of light (or may even be negative) during the initial evolution of the pulse, this is primarily due to pulse reshaping and does not entail the transmission of either energy or information superluminally [22, 45] . That any energy or information is not transmitted superluminally follows immediately through consideration of a unit step function modulated Gaussian pulse. In that case, the exact result expressed in equation (31) directly applies and no information can have been transmitted faster than the vacuum speed of light. Furthermore, as pointed out by Landauer [22] , 'an emerging peak is not necessarily related to the incident peak in a causative physical way'. Such is the case in ultrashort Gaussian pulse propagation [44] where the oscillation frequency at the peak amplitude point changes continuously as the pulse evolves.
Finally, the pulse centro-velocity recently introduced by Peatross, Glasgow and Ware [35] provides a convenient measure of the pulse velocity for temporal pulses with a sharply defined envelope function. However, their assertion that superluminality is imposed on sharply defined pulses requires further careful study. The delta function pulse is certainly sharply defined, yet its propagated field identically vanishes over the entire space-time domain ct/ z < 1. The same result holds for a rectangular envelope pulse of arbitrarily short initial temporal width [46] .
These results then establish that:
(1) superluminal peak velocities in causally dispersive materials can momentarily occur for sufficiently small propagation distances in the immature dispersion regime when ω 0 ω c ω 1 , (2) however, as the propagation distance increases into the mature dispersion regime, the pulse centro-velocity for an ultrashort pulse becomes subluminal and approaches the subluminal velocity of the dominant precursor field. As S133 tempting as it may seem, pulse reshaping does not imply either superluminal energy or superluminal information transmission. In the light of these results, (3) superluminal energy and information transfer is not physically possible within the framework of the MaxwellLorentz theory in linear, causally dispersive systems.
